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in which corresponding elements are commensurable, they had theorems corresponding to a great part of EucL, Book VI.
Again, they knew how to cut a straight line in extreme and mean ratio (Eucl. VI. 30) ; this problem was presumably solved by the method used in Eucl. II. 11, rather than by that of Eucl. VI. 30, which depends on the solution of a problem in the application of areas more general than the methods of Book II enable us to solve, the problem namely of Eucl. VI. 29.
4. They had discovered, or were aware of the existence of, the five regular solids. These they may have constructed empirically by putting together squares, equilateral triangles, and pentagons. This implies that they could construct a regular pentagon and, as this construction depends upon the construction of an isosceles triangle in which each of the base angles is double of the vertical angle, and this again on the cutting of a line in extreme and mean ratio, we may fairly assume that this was the way in which the construction of the regular pentagon was actually evolved. It would follow that the solution of problems lay 'analysis was already practised by the Pythagoreans, notwithstanding that the discovery of the analytical method is attributed by Proclus to Plato. As the particular construction is practically given in Eucl IV. 10, 11, we may assume that the content of Eucl. IV was also partly Pythagorean.
5. They discovered the existence of the irrational in the sense that they proved the incommensurability of the diagonal of a square with reference to its side ; in other words, they proved the irrationality of \/2. As a proof of this is referred to by Aristotle in terms which correspond to the method used in a proposition interpolated in Euclid, Book X, we may conclude that this proof is ancient, and therefore that it was probably the proof used by the discoverers of the proposition. The method is to prove that, if the diagonal of a square is commensurable with the side, then the same number must be both odd and even ; here then we probably have an early Pythagorean use of the method of reductio ad absurdum.
Not only did the Pythagoreans discover the irrationality of A/2 ; they showed, as we have seen, how to approximate as closely as we please to its numerical value.